Abstract. We describe the construction of quantum gates (unitary operators) from boolean functions and give a number of applications. Both non-reversible and reversible boolean functions are considered. Computer algebra implementations are provided.
Introduction
A boolean function f on n variables is a mapping {0, 1} n into {0, 1}. Let x j ∈ {0, 1} for j = 1, . . . , n. We set x = (x 1 , x 2 , . . . , x n ). In the following · denotes the AND operation, + denotes the OR operation, ⊕ the XOR operation and is the NOT operation. For n = 1 we have the four boolean functions f 1 (x) = 0, f 2 (x) = 1, f 3 (x) = x, f 4 (x) =x. The last two are of course reversible.
Let X = {0, 1} and x j ∈ X. A boolean function f with n input variables, x 1 , . . . , x n and n output variables, y 1 , . . . , y n is a function f : X n → X n obeying f(x 1 , . . . , x n ) → (y 1 , . . . , y n ).
Here (x 1 , . . . , x n ) ∈ X n is called the input vector and (y 1 , . . . , y n ) ∈ X n is called the output vector. An n-input and n-output boolean function f is reversible if it maps each input vector to a unique output vector, i.e. the map is a bijection.
Quantum gates are described by unitary operators. In the finite dimensional
unitary matrices can be associated with a non-reversible boolean function f and how 2 n ×2 n unitary matrices can be associated with reversible boolean functions f.
Finally computer algebra implementations in SymbolicC++ for the two cases are provided.
Let f(x 1 , . . . , x n ) = (f 1 (x 1 , . . . , x n ), . . . , f n (x 1 , . . . , x n )) be a reversible boolean function where f : {0, 1} n → {0, 1} n and f j : {0, 1} n → {0, 1} for j ∈ {1, 2, . . . , n}.
We consider the standard basis in the Hilbert space
Then a corresponding 2 n × 2 n permutation matrix U f can be constructed from
where x = (x 1 , . . . , x n ). Given the permutation matrix U f the reversible boolean function can be constructed as follows
Let the function b : {0, 1} n → {0, 1, . . . , 2 n − 1} be defined by
i.e. the permutation matrix U f has a 1 in row b(y 1 , . . . , y n ) and column b(x 1 , . . . , x n ) if and only if f(x 1 , . . . , x n ) = (y 1 , . . . , y n ), otherwise it has a 0 in that entry.
Examples for Reversible Boolean Gates
Example 1. Consider the reversible gate (Feynman gate)
The inverse function is given by (x 1 , x 2 ) → (x 1 , x 1 ⊕x 2 ). Let |0 , |1 be the standard basis in the Hilbert space C 2 . Thus we are looking for the unitary matrix which implements (x 1 , x 2 ∈ {0, 1})
We have
This provides the 4 × 4 permutation matrix
which is the CNOT-gate. For any unitary matrix V one can find a skew-hermitian matrix K with V = e K . The skew-hermitian matrix can then be identified with a
Hamilton operatorĤ (hermitian matrix) via K = −iĤt/ (Steeb and Hardy [1] ). For the present 4 × 4 permutation matrix we obtain the skew-hermitian matrix
where we utilized the spectral decomposition of U to find K.
Example 2. Let x 1 , x 2 ∈ {0, 1} and ⊕ be the XOR operation. Then
is a 2-bit reversible gate since
Let |0 , |1 be the standard basis in C 2 . To find the 4 × 4 permutation matrix P such that
we calculate the Kronecker products of the vectors. This provides the four equa-
Consequently we obtain the 4 × 4 permutation matrix with the eigenvalues +1, −1, +i, −i. The corresponding skew-hermitian matrix K with P = e K is given by The right hand side provides the boolean expression
Non-reversible Boolean Functions and Quantum Gates
Let |0 , |1 be the standard basis in the Hilbert space C 2 . Then the quantum states |x ≡ |x 1 x 2 . . . x n ≡ |x 1 ⊗ |x 2 ⊗ · · · ⊗ |x n form a basis in the Hilbert space C 2 n , where x 1 , . . . , x n ∈ {0, 1}. We apply the ordering |000 . . . 00 , |000 . . . 01 , |000 . . . 10 , . . . , |111 . . . 11 .
A general state |ψ in the Hilbert space C 2 n can be written as
It is well-known (Nielsen and Chuang [2] , Hardy and Steeb [3] , Steeb and Hardy [4] , Gruska [5] ) that for a given boolean function f , there is a quantum circuit of comparable efficiency which computes the unitary transformation U f which takes as input the state |x ⊗ |y (y ∈ {0, 1}) in the Hilbert space C 2 n+1 and gives the output state |x ⊗|y⊕f (x) , where ⊕ is the XOR-operation. Thus we can construct a 2 n+1 × 2 n+1 unitary matrix such that
Owing to the selection of the standard basis the unitary matrix U f will be a permutation matrix. Vice versa given a 2 n+1 × 2 n+1 permutation matrix, since we have a reversible boolean function, we can construct the boolean function using the same techniques as in the previous section.
If we start with the Hadamard basis in
instead of the standard basis we obtain
where U f is the permutation matrix that implements f in the standard basis and U H is the Walsh Hadamard transform
Of course, this is just a change of basis.
Examples for Non-Reversible Gates
Example 1. Given the boolean function f (x 1 , x 2 ) = x 1 ·x 2 . Thus the map is (x 1 , x 2 , y ∈ {0, 1})
This leads to the 8 × 8 permutation matrix
where ⊕ denotes the direct sum and I n is the n × n identity matrix. 
